One-sided inequalities for ternary forms, I  by Jackson, T.H
JOURNAL OF NUMBER THEORY 13, 376-397 (1981) 
One-Sided Inequalities for Ternary Forms, I 
T. H. JACKSON 
Department of Mathematics, University of York, Heslington, 
York YOl SDD, England 
Communicated by H. Halberstam 
Received January 20, 1980 
The small positive values taken by ternary quadratic forms of signature -1 are 
investigated. For forms of a special type the results of R. T. Worley are greatly 
strengthened, and the way is prepared for a more universal improvement of his 
theorem. These results are likely to be useful in the solution of an unresolved 
problem about quaternary forms. 
1. INTRODUCTION 
Throughout this paper f =f(xi,..,, x,) will denote an indefinite, non- 
singular, quadratic form with real coefftcients. Its signature, s = s(f), and 
discriminant, d = d(f) # 0, are defined as in [26] and have the properties 
that IsJ < n, s = n (mod 2), and d is an integer when the coefficients of f 
happen to be integers. We follow [9-l 1 ] in using P = Pcf) to denote the 
greatest lower bound of the positive values assumed by f for integers 
x, ,***, X”, and set N = N(f) = P(-f). Then M = M(f), the infimum of the 
non-zero values assumed by ]fl, is min(P, IV). The (two-sided) problem of 
finding best possible upper bounds for M”/] d] is over a century old (see [ 14, 
p. 369]), and has been extensively investigated. However, the closely related 
(one-sided) problem, which we are concerned with here, of finding best 
possible upper bounds for 4(f) = P”/l dl, was only introduced in the 1940s 
by Segre [23], Mahler [16] and Davenport [6] (see also [4, Sect. 11.4.31). In 
both these problems the point of interest is to find estimates which are valid 
for all forms (or all of a certain type) with a given rank and signature, and 
which depend only on n and s. 
For zero forms, forms which represent zero non-trivially, both problems 
have been solved; see, for example, [4, Sect. 11.4.3; 7; 10; 12; 20; 22; 26; 
271. Indeed, from the extreme forms constructed in [26] it follows that for 
given n, s (apart from n, s = 3, -1; 4, -2) the best upper bounds are the 
same for both the two-sided and one-sided problems. 
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However, as Davenport observed in 1950, the problems seem to change 
their character and become considerably more difficult when restricted to 
non-zero forms. Davenport’s remarks were made about the one-sided 
problem but they apply equally to the two-sided problem. The bounds for 
zero forms of the same rank and signature also hold here, but they are 
usually far from best possible. Both problems have been settled for n = 2, 3; 
see, for instance, [2, 3, 151 for n = 2 and [ 1, 24, 291 for n = 3. For n = 4, 
the two-sided problem has been resolved and stronger results are given in 
[ 17, 181; but when n = 4 the one-sided problem has been solved only for 
s = 0, 2 in [ 1 ] and [ 111, respectively. When n > 5 it is conjectured that 
P(f) = M(f) = 0 f or non-zero f, and most of the progress towards this result 
is summarised in [27, Theorem I ; 10, Theorem 41 (see also [8,25]). 
So the only one of these problems where the least upper bound is 
unknown, but is known to be non-zero, is the one-sided problem for non-zero 
forms with n, s = 4, -2. The present paper is our first step towards the 
ultimate goal of making a successful attack on that problem. It seems that 
any successful approach to the quaternary problem must use very strong 
information about the one-sided problem for n, s = 3, -1. Accordingly, our 
preliminary aim is to greatly strengthen the known results for this ternary 
problem. In 1971 Worley obtained the smallest known upper bound for the 
one-sided problem with n, s = 4, -2 by using his good results for the ternary 
case; he proved that for non-zero ternary forms of signature -1, we have 
d(f) = P3/1 d] < 4 apart from three exceptional forms. Our main result here, 
Theorem 2 below, is that for forms which are “sufficiently close” to one of 
Worley’s extreme forms we must have @df) < f with just three further 
exceptions. As we shall see, the phenomenon of isolation breaks the problem 
up naturally into several cases, and these we consider separately. The author 
hopes to attack the remaining cases in further papers. 
2. PRELIMINARY RESULTS 
LEMMA 1. For each i = 1,2, 3, define the forms J;: = A(x, y, z) by 
fi(x,y,z)=- (x+fz)*+ 15 (Y+fl)2-;z*; 
f3(x, y, z) = - x2 + 8 - 3z*. 
(2.1) 
(2.3) 
Then in each case fi is a non-zero ternary form of signature -1; with 
641/13/3-E 
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N(A) = I, and with P(f,) = 6, #(f,) = 4/5; P(f2) = 9, #f2) = 27/40; 
pdf,) = 4, 4(h) = 2/3. 
Proof Each fi is an integral form and fi( 1, 0,O) = -1, whence Nut) = 1. 
For i = 1 the unimodular transformation x -+ x + y - 5z, y -+ z, z + -y + 1Oz 
takes f, into the form Q, of [2 11, so Lemma 4 of that paper gives f, a non- 
zero form with P(f,) = 6. Then #df,) = 4/5 since d(f,) = -270. For i = 2, 
the transformation x -+ x + y, y--t -y + z, z -+ y takes our -fi into the fi of 
129). Then Lemma 14 of the same paper gives what is wanted apart from 
$(fJ = 27/40, and this follows from d(&.) = -1080. When i= 3, the 
substitution y-+z, z + -y takes --fj into the form fs of [28], whence 
Lemma 2.8 of that paper implies f3 non-zero with Pdf,) = 4, so (V;) = 2/3 
follows from d(f3) = -96. 
LEMMA 2. Define 
f4(x,y,z)=- (x++z)‘+ 15 (y++z)‘4z’. (2.4) 
Then f4 is a non-zero ternary form of signature -1 and with Ndf,) = 1, 
P(fA = 6, 4(fd) = 72/125. 
Proof: The form 4f4 = -(2x + z)’ + 10(6y* + 6yz -z’) is an integral 
form so we can show that it does not represent any value k in the open 
interval (-4, 24) by finding a suitable modulus m with 4f*(x, y, z) & k 
(mod m), where (x, y, z) = 1 if k = 0. In each case a suitable m is 8, 9 or 25, 
except in the cases of k = 4, when we take m = 32, and k = 16, when we take 
m = 128. So f4 is a non-zero form with N(f4) = 1 = -f4(1, 0, 0), and P(fJ = 
f4(3, 1,0) = 6. Since d(f4) = -375 we have d(f4) = 72/125 = 0.576. 
LEMMA 3. For each j = 5,6, define the forms fj = fi(x, y, z) by 
fs(x, y, z) = -x2 + 15y* + 12yz - 4z*; (2.5) 
f,(x, y, z) = -x2 + 3/5(13y2 + 12yz - 322). (2.6) 
Then in each case f. is a non-zero ternary form of signature -1, ,with 
N(fi) = 1, and with P(f5) = 6, $dfs) = 9/16; P(f,)= 19/5, $df,) = 
19’/2* . 3’ ’ 53. 
ProoJ The forms f5, Sf, are integral forms, whereupon, as in the proof of 
Lemma 2, we examine their values modulo 9 and 16 in the case of fJ, and 
modulo 8, 9 and 25 in the case of f6. It follows that f, does not represent any 
value in the open interval (-1,6), and 5fh does not represent any value in 
(-5, 19). Therefore each fj is a non-zero form with Nf) = 1 = -f/( 1, 0, 0), 
and Pdfs) = f5(3, 1,0) = 6, Pdf,) = f,(2, 1,O) = 19/5. Since ddf,) = -384, 
ddf,) = -108 we have 6(f,) = 9/16 = 0.5625 and #(J,J = 1g3/2* . 33 * 53 = 
0.50807... . 
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LEMMA 4. Let f be an indejmite quadratic form of rank at least 3. Then 
P(f) = 0 is equivalent to N(f) = 0. 
Proof This is Theorem 1 of [ 191. 
THEOREM 1. Let f = f(x, y, z) be an indefinite non-zero ternary 
quadratic form of signature -1 such that N(f) = 1 and P(f) is non-zero. 
Suppose that f is not equivalent to a form of the shape 
-(x + ay + Pz)’ + g(y, z), (2.7) 
where the indefinite binary form g represents P(g) > 0. (2-8) 
Then we can associate with f another indefinite ternary quadratic form f’ of 
signature -1 with the following properties: 
G) W’) = d(f ); 
(ii) N(f) = N(f) = 1 and P(f’) > P( f ); 
(iii) f’ can be expressed in the shape (2.7) with property (2.8); 
(iv) f’ is not a multiple of a form with integral coeficients. 
Proof First we show that in addition to the other hypotheses of the 
theorem we may assume that 
f represents - 1. (2.9) 
For if (2.9) does not hold, then by [28, Theorem 3.11 we can associate with f 
another indefinite ternary form f, of signature -1 which satisfies (i), (ii), (iv) 
(reading f, for f’ each time), and also fi represents -NV;) = -1. This last 
fact means that fi is equivalent to a form of the shape (2.7); so if (2.8) also 
holds then the conclusions of the theorem are true withf = f,. If (2.8) does 
not hold, then f, satisfies the hypotheses of the theorem, whence 
interchanging f, fi , gives (2.9). 
Property (2.9) shows that f can be expressed in the shape (2.7), and in 
(2.7) the indefinite binary form g must be a non-zero form which satisfies 
P(g) > P(f I> 0, N(g)>% 
Otherwise g would take a value in the open interval (-$, P(f)), and 
choosing x so that 0 < Ix + ay + /IzIG f would give a value of f in the 
interval (-1, P(f)). Also, from the hypothesis, g cannot represent the value 
P(g). So corresponding to each natural number n > 2, g represents a number 
a, satisfying 
0 < P(g) < a, < (1 + l/n) P(g). (2.10) 
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By a unimodular transformation on y, z, we can then take f into an 
equivalent form f, , where 
f”=-(X+any+/3,z)*+a,y2+b,yz-cc,z2. (2.11) 
As in [9, Sect. 21 we may assume that, 
a, < b, < 2% and c, > N(g) > 0. (2.12) 
Also by parallel transformations on x we may take 
Ia,1 <t, I&W (2.13) 
and 
-d(f) = bf, + 4a, c, . (2.14) 
Properties (2.10), (2.12), (2.13), (2.14) show that the sequences {a,}, {b,}, 
{c,}, (a,), {p,} are bounded, so we can choose a subsequence of {l/n} such 
that the corresponding subsequences of (a,}, {b,}, {c,}, (a,}, {p,} converge 
to P(g), b’, c’, a’, p’, respectively. We claim that 
f’ = -(x + a’y + /l’z)’ + P(g)y* + b’yz - c’z* (2.15) 
has properties (i)-(iv) above. 
Property (i) follows from taking limits in (2.14) since this gives 
-d(f) = b’* + 4P(g)c’ = -d(f’). 
Th,e argument of [28, Theorem 3.11 now shows that f takes values 
arbitrarily close to any value taken by f, and a similar argument shows that 
g takes values arbitrarily close to any value taken by g’ = P(g) y* + 
b’yz - c’z*. Property (ii) now follows sincef’(1, 0) = -1 = -NV); and also 
(iii), because from P( g’) > P(g) we have g’ ( 1,O) = P(g) = P( g’). 
Also as in [28, Theorem 3.11, property (iv) follows from the results of [5], 
since otherwise f would be equivalent to P and then (iii) would contradict the 
initial hypotheses. This completes the proof. 
3. STATEMENT OF THEOREM 2 AND BASIC CONSTRUCTION 
Henceforth f = f(x, y, z) will denote a non-zero ternary form of signature 
-1; and in trying to proving i(f) < 4 apart from some rational exceptions 
we may plainly assume P(f) # 0, whence Lemma 4 shows that we also have 
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N(f) # 0. Multiplication of f by a suitable positive constant will not change 
the value of d(f) so we may take 
N(f) = 1. (3.1) 
The hypotheses of Theorem 1 now hold; and if (2.7), (2.8) do not apply, the 
form f’ of Theorem 1 satisfies )(f) < q&‘J’) < i (since the incommensurable 
formf’ cannot be one of the rational exceptions). 
So in addition to (3.1) we always suppose that f is of the shape (2.7) and 
that property (2.8) holds. We express the binary form g as 
where 
dy, z) = k,(y + 0~)’ - kzz’, (3.2) 
Therefore 
k, = P(g) > 0, k, > 0. (3.3) 
f(x, y, z) = -(x + ay + Pz)’ + k,(y + 0~)’ - k2z2, (3.4) 
and by performing obvious parallel transformations we may also suppose 
that 
o<e<i, -f cp<j, O<a(f. (3.5) 
Necessarily 
m) 2 37 (3.6) 
else (3.1) would be contradicted; and g does not represent zero non-trivially. 
So from (3.3) we always have’ 
g(I,-l)=k,(l -8)2-kkz(~~a-/3J(2- 1 G-3 (3.7) 
and 
k,>;k, +a. (3.8) 
Also 
which, with (3.8), gives 
I4.fI =%k,, 
I W-11 > k: + % . 
(3.9) 
(3.10) 
’ As usual the notation (lay + fizll means the distance, taken positively, from uy + /3z to the 
nearest integer. 
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Now we must have 
$a’ - 1 < k, <&I + 1)’ - 1 (3.11) 
for some integer a > 2. Also, as in [ 11, Eq. (3.13)], in any interval of the 
type 
ia’- 1 < k,<c, (3.12) 
we have a contradiction with (3.1) unless k, > a and 
I’(f)<<, -;(a- I)‘, (3.13) 
so that 4(f) < [k, - :(a - 1)‘13/(kf + 3k,). As the right-hand side of this 
last inequality is an increasing function of k, throughout the interval (3.12) 
we obtain 
4(f)< lc-ita- lIZI \ c2t3c * 
In particular, in the interval (3.1 l), 
!Kf-)~ 
(a - 1)3 
[a@ t 1)2 - I][@ t 1)’ t 21 = r(a). 
(3.14) 
(3.15) 
It is easy to check that r(u) < $ for a > 24, so #df) < 4 for k, > 143. 
We can now state our main result. 
THEOREM 2. Suppose that f = f (x, y, z) is a non-zero ternary quadratic 
form of signnture -1, and that (3.1) to (3.5) are satisfied. If (3.11) holds for 
2,<a<4 we have 
$(fK$, (3.16) 
and there is strict inequality in (3.16) apart from one form. If (3.11) holds 
for a = $7 or 10 we have 
9(f) < f (3.17) 
unless f is one of the forms f, ,..,, fs ‘deJined in Lemmas 1 to 3 above. 
We shall not give the details here of the cases a = 7, 10. These cases are 
similar in principle to the case a = 5, but are much longer. The isolation of 
f,, f5 (for a = 7) and f2 (when a = 10) is in each case similar to that off, 
(when a = 5); and the isolation of f4 (a = 7) follows that offs for a = 5 very 
closely. Full details for a = 7, 10 are given in [ 131. When a = 2 or 3, (3.15) 
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immediately gives (3.16), with equality only if k, = 3, P(f) = 2 and 
Id(f)] = 18. This last implies k, = t and (3.7) gives 0 = f , whence also a = 0 
and /3= f. Thusf= Q, where 
Q(x, y, z) = -(x + jz)’ + 3(y + fz)’ - 3~‘. (3.18) 
Interchanging y, z with z, --y, shows that -Q is equivalent to the form f, of 
[28]. So Lemma 2.7 of that paper shows that Q is a non-zero form with 
P(Q) = 2, and d(Q) = -18 gives equality in (3.16). 
When a > 4 we shall need some further information about the form 
g= g(y, z) and its coefficients. First of all (3.9) and (3.13) show that in 
each interval (3.11) 
4cf) <[k, -%a - U2l3 \ 4k,k, ’ 
which is less than r (= j or f) unless k, < [k, - &.I - l)‘13/4rk,. Here the 
right-hand side is an increasing function of k, in the interval (3.11) so, on 
putting k, = +(a + 1)’ - 1 and simplifying, we obtain O(f) < r unless 
k, < [k, - &I - 1)2]3/4rk, < (a - l)‘/r(a + 3). 
Therefore (3.7) implies 
(3.19) 





e> 1 _ [k, - :(a - 1)2]3 
/ 
I 4rk: 
the expression on the right of (3.20) being a decreasing function of k, in each 




and again the expression on the right is a decreasing function of k, in each of 
the intervals considered. From (3.7) we have another useful inequality, 
namely, 
48k,=g(l, l)-g(l,-l)>g(l, l)+;. (3.22) 
Lastly, observe that when y = 1 the values of g(1, z) lie on a parabola whose 
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values are all eventually negative. So there will be an integer n, > I such that 
g(l, no> a k, and g(1, n, + 1) < -$ (3.23) 
For each extreme form our primary aim will be to determine the relevant 
value of n,. In doing this we shall make considerable use of the linear 
relations between different values of g, such as 
min(3k, - 3; 3(g(l, 1) -k,) - i] > g(l,2) = 4g(l, 1) - 3k, - 48k, 
>4g(L I)-5k,; (3.24) 
5k,-12>g(l,4)=4g(l,2)-3k,-88k,>4g(l,2)-7k,; (3.25) 
and for any natural number n, 
g(l,n)-7 2n + ’ k, - 2(n + ‘) Ok,, (3.26) Fl n 
g(l,n)<g(n + 1, -n)= g(l,n) + n(n + 2)(1 -28)k,. (3.27) 
When n = 1 in (3.27), we see, using (3.22), that 
g(1, l)<g(2,-1)=3k,-$g(l, l)+fg(l,-1)<3k,-fg(1, I)-;. (3.28) 
Also, for n > 3 
g(l,‘+=$&dl,n- l)-g(1, i)]+k,, (3.29) 
and 
g(n + 1, -n) = + [s(n, 1 - n) - g(Z -I)]+ k,. (3.30) 
Notice that if for a particular y, z we know that I[ay + pz 11 < 6 for some 
6 > 0, and if we also know that g(y, z) > mZ - 1 for a positive integer m, we 
can then assert that 
g(.h 4 > Cm - 8)’ + W). 
For otherwise we would have -1 < f(x, y, z) < P(f) for a suitable x. In this 
argument we are, of course, always free to choose 6 = i. If further, 6 is so 
small that (m + Sj2 ( (m - ~5)~ + P(f) + 1, we have 
g(v, z> 2 m* + W). 
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We shall repeatedly use arguments like these, and often without mentioning 
m explicitly. 
Notice that for the forms fi, f2 we have equality in (3.6), (3.7). Such 
forms are comparatively straightforward to isolate, since a finite number of 
inequalities suffice. For each of &, fs we have N(g) = N(f) = 1, and this is 
almost as good as N(g) = 3. However, forms such as f4, f6, which have 
N(g) > 1, are considerably more difficult to isolate. In Section 5 we shall 
approach f6 sufficiently closely and deal separately with it in Section 6. 
In proving Theorem 2 we can always assume the converses of (3.16), 
(3.17), and this we do whenever convenient. Also in what follows it will be 
helpful to use F(x, y) to denote the indefinite binary section f(x, y, 0): 
F(x,y)=f(x,y,0)=k,y2 - (x + ay)'. (3.3 1) 
Since F only represent values of f, it is a non-zero form and 
1 =N(f)=N(F)=-F&O), P(f)GW)* (3.32) 
4. THE CASE a = 4 
Here (3.10), (3.14) give 4(f) < $ unless 
4.8 < k, Q 5.25 and P(f) > 2.55, (4.1) 
whence also 
a > 0.44, (4.2) 
since otherwise -1 < F(2, f 1) < 2.55 contradicting (4.1). If 4.8 < k, < 4.88, 
then F(2, -1) > 2.55 gives a > q.47 and so 3a > 1.41. Thus -1 < F(8, -3) = 
-(8 - 3a)* + 9k, < 2. If 4.88 < k, < 4.97, (4.2) implies -1 < F(8, -3) < 
2.55. Hence k, > 4.97 and 
P(f)> 2.6 (4.3) 
as otherwise cd(f) = $ would hold. 
Suppose 
4.97 < k, < 5. (4.4) 
Then (3.20), (3.21) give 19 > 0.43 and g(1, 1) > 7.9. Now if g(1, 1) > 8, then 
actually 8.85 < g(1, 1) < 2/c, - 3 Q 9.25, else 0 < F(3, -1) < 2.6. This, with 
(3.22.), would give B > 0.48, (la +/III > 0.42 and thus 112a -/3II < 0.26. Hence 
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we would have 8.85 < g(2, -1) < 9.85, so with a suitable x, -1 < 
f(x. 2, -1) < 2.6. Therefore 
7.9 < g(1, 1) < 8 and (from (3.19)) 0.43 < 0 < 0.45. (4.5) 
This means that I(a + PII < 0.05 from which (with (4.2)) we get IJa + 2/3/l > 
0.34. Then g(l,2) = 4g(l, 1) - 3k, - 48k, gives 7.6 < g(l, 2) < 8.6, whence 
for a suitable x, - 1 < f(x, 1, 2) < 2.6. 
If 5 < k, < 5.1 then a > 0.473, otherwise, with (4.2), we would have 0 < 
P(8, -3) < 2.6. Consequently -1 < P(7,4) < 2.6. So suppose 
5.1 < k, < 5.125. (4.6) 
Here P(f) > 2.63 and a > 0.47, from consideration of F(8, -3) if k, < 5.11, 
F(2, 1) if k, > 5.11. Also (3.20) and (3.21) imply 19 > 0.397 and 
g(1, 1) > 7.4; so the arguments of the case (4.4) give either -1 < 
f(x, 2, - 1) < 2.63 or - 1 < f(x, 1, 2) < 2.6 for suitable x. 
If 5.125 < k, < 5.225 then F(2, 1) gives a > 0.474, whence 
- 1 < F( 11, -4) < 2.63. If 5.225 <k, < 5.229 then P(f) > 2.67 and 
a > 0.49, whence -1 < F( 11, -4) < 2.67. So consider 
5.229 < k, < 5.25. 
Here 4(f) > $ and F(2, 1) < -1 imply 
P(f) > 2.67 and a > 0.495. 
(4.7) 
(4.8) 
Also (3.20), (3.21) give 
8 > 0.36 and g(1, 1) > 6.8. (4.9) 
As in the previous two paragraphs, g( 1, 1) > 7.46 leads to either -1 < 
f(x, 2, -1) < 2.6 or -1 <f(x, 1,2) < 2.67 for some x. So we may assume 
6.8 < g(1, 1) < 7.46 (4.10) 
and from (4.10) (3.19), 0.36 < 19 < 0.41. Since (4.10) implies /Ia + PII < 0.19, 
whence Ila + 2pII > 0.1, we see from (3.24) that 2 < g(l, 2) < 6.8 implies 
k, < g(1, 2) < 5.35 and thus Ila + 2pII > 0.495. (4.11) 
Hence from (3.24) and (3.22) we obtain 
g(L 1) > (1 + @>k, and g(l,-l)>(l -38)k,. (4.12) 
Now 0.386 < 19 < 0.41 implies 12.75 < g(3, -2) = g(l,2) + 8(1 - 28)k, < 
14.9, and II3a - 2pII > 0.475 then gives -1 ( f(x, 3, -2) < 2.65 for some x, 
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whereas if 0GO.386, (4.12) and Ila-jIIj (0.01 give -1 <f(x, l,-l)<O 
for some x. 
5. THE CASE a = 5 
Here (3. lo), (3.14) give o(f) < + unless 
1.35 < k, < 8 and P(f) > 3.35. (5.1) 
Also 7.35 < k, < 7.48 would imply a < 0.04 (from F(2, 1) > 3.35), and then 
0 < F(8,3) < 3.35. So k, > 7.48 and 
P(f) > 3.39. (5.2) 
(i) If 
1.48 < k, < 1.5 (5.3) 
then 
a < 0.004, 15.4) 
otherwise 0 < F(2, 1) < 3.39 or 0 < F(8, 3) < 3.39. Now (3.21) gives 
13.34 < g(1, 1) < 14.25, (5.5) 
from whence 15.86 < g(l,2)< 19.5. If g(l,2) > 19.25 we would have 
IIa + 2fiII < 0.02 so that I(a + 4pII < 0.044, and then (from (3.25)) 24.5 ( 
g( 1,4) < 25.5 would make -1 ( f(x, 1,4) < 1 for some x. Thus 
15.86 < g&2) < 19.25. (5.6) 
We see now that Ijcz +pII < 0.164 if 13.34 < g(l, 1) Q 13.4, and is (0.188 if 
13.4 < g(1, 1) < 14, so that in each case we must actually have (la +/?I] < 
0.128, or else -1 <f(x, 2,2) < 3.39 for x such that 7 < Jx + a +pj < 7.188. 
So IIa +pII < 0.128 is always true, since it is immediate if g(1, 1) > 14; and 
then [Ia + 2@II < 0.26 and (5.6) give -1 <f(x, 1,2) < 3.25 for suitable x. 
(ii) When 7.5 < k, Q 7.62 we have either 0 < F(2, 1) < 3.39 if a > 0.06, 
O<F(8,3)<3.39 if 0.025caG0.06, or -1 <F(ll,-4)<3.39 if a< 
0.025. So we consider 
7.62 < k, < 7.8, (5.7) 
P(f) > 3.43, and also a < 0.045 (5.8) 
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as otherwise -1 < F(3 - 1) < P(f) or 0 < F(8, 3) < P(f). Then (3.21) gives 
g( 1, 1) > 11.8, which means that g( 1, 1) > 9 + P(f) > 12.43. Also in each of 
the intervals 12.43 <g(l, l)< 12.75, 12.75 < g(1, 1) < 13, 13 < g(1, 1) < 
13.1, (la +pII is so small that -1 <S(x, 2, 2) < 3.4 for suitable x. So 
13.1 < g(1, 1) < 14.85 and g(1, 2) > 13.4. Suppose first that 
[a) 13.4 < g(l,2) Q 15. (5.9) 
Then 11 a + 2/IIj < 0.2, whence (I a + 2/I/I = I a + 2p( < 0.2, since here 
(la +/3/I < 0.2 and /a( < 0.045. This implies la -I 3/3[ < 0.33, which, with 
g(l, 3) = $g(l, 2) -Sk, - 38k, > 8.7, gives g(1, 3) > 12.43. The argument 
giving g( 1, 1) > 13.1 now shows that 
g(l,3) > 13.1. 
Also, since la/;! +/?I < 0.1, we have Ja --PI < 0.19 and so g(1, -1) < -1 + 
(a -p)’ < -0.96. Hence, from (3.26), 
6.8 < g(l,4) = 7 g(l,2) + $ g(1, -1) - 5k, < 9.34; 
and because 9.34 < 6.25 + P(f), we must actually have 
k, < g(L 4) < 8. (5.10) 
Now from g(1, 1) > 13.1 and g(1, -1) < -0.96 we have B > 0.45, whence 
(5.10) implies k, > 3.23, /d(f)/ > 98.4 and so P(J) > 3.66. This makes 
k, > 7.66, and another consequence is that g(1, 1) > 13.15 (as for g(1, 1) > 
13.1), whence 0 > 0.452. Two more repetitions of this argument give 
P(f) > 3.69 (5.11) 
and hence k, > 7.69. From (5.10) and (5.11) we have 
a < 0.03 and I a + 4j?I < 0.05. 
These two inequalities give (2a -aI < 0.1, which, with the crude inequality 
g(2, - 1) < 7.8(2 - 0.452)‘- 3.23 < 15.5, gives -1 <f(x, 2, -1) < 0.5, 
unless 
g(2, -1) < 15. (5.12) 
Then (5.12) with g(2. -1) = (1/16)g(l, 4) + (63/16)k, - (9/2)8k,, implies 
(5.13) 
INEQUALITIES FOR TERNARY FORMS 389 
and (5.9), (5.10), with (3.25) gives 
e < $(15/k, - 1). (5.14) 
In addition a < 0.03 and 7.69 < k, < 7.8 imply -1 < F( 11,4) < 3.69 unless 
k, > 7.793 and a < 0.0013. (5.15) 
Then g(8, -7)= (49/16)g(l, 4) + (975/16)k, - (273/2) ok,, which, with 
(5.10), (5.13), (5.14) and (5.15) gives 6.4 < g(8, -7) < 9.1 and so 
k, < g(8, -7) < 8. (5.16) 
Now g(2,9)= (81/16)g(l, 4) - (17/16)k, - (9/2) Bk, < 16.1, from (5.13), 
with 12a + 9p] = 1(9/4)(a + 4/3) - (1/4)al < 0.12, 
&, 2,9) < 2 for suitable x unless 
we have -1 < 
g(299) < 15. (5.17) 
The identity just before (5.13), together with (5.10), (5.14), (5.15), gives 
g(2, -1) > 14.95 and therefore 
g(l, 4) = 4 [g(2,9) - g(2, -l)] + k, < 7.81. 
This implies 
Ia + 4/I] < 0.03 (5.18) 
(else 0 < f(k2, 1,4) < 3.69), whence -1 < f(f14, 5,20) < 3.69 unless 
k, < g( 1,4) < 7.8. (5.19) 
We shall isolate f, in Section 6, but it is worth noting that the above 
inequalities are sufficient to deduce O(f) < @(&) for every form f in this 
region. For (5.13), (5.17) imply 
k,~~[k,(2+98)‘-15]>~[k, (IO-$151. 
So, with (3.13), 
I$(f) < tkl - 4)3 < 81(k, - 4)3 
’ 4k,k, 20[5(2k, - 6)’ - 3k,] * 
As the last expression above is an increasing function of k, for 7.79 < k, < 
7.8, we have $(f) < 193/53 . 108 = ((f,) unless k, = 7.8. Then a < 0.03 
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gives -1 < F(14, -5) < 3.69 unless a = 0. Similarly from (5.18), (5.19) we 
have /I = 0. Then (5.13), (5.14) give 19= 6/13 and (5.19) leads to k, = 45/13. 
Therefore f = f,. 
The remaining part of case (ii) is the situation when 
(b) g(L 2) > 15. (5.20) 
Here we again have g( 1, 1) > 13.1, and for g(l, 1) in any of the intervals 
(13.1, 13.351; (13.35, 13.551; (13.55, 13.71; (13.7, 13.91, Ia +/3] is so small 
that -1 < f(x, 2,2) < 3.43 unless I2a + 2/3] < 0.225. This would make 
/a + 2p] < 0.27, and as 15 < g(l,2) < 18.1 from (3.24), (5.20), we would 
have - 1 < f(x, 1,2) < 3 for suitable x = f4. Therefore g( 1, 1) > 13.9 so that 
Ia +/? < 0.14, la-j?] < 0.23, and from (3.7) 
g(1, -1) < -0.947. 
From (3.7) again this gives k, > 2.852, Id(f)1 > 86.9 and 
P(f) = 3.5 15. 
Then g( 1,2) > 19.5 15 would imply 
8.04 < 16g(l, 2) - 15k, - 488k, = g(l,8) 
= 64&l, -1) - 63k, + 144C?k, < 9.6 
and necessarily -1 ( f(x, 1,8) < 3.4 for suitable x. Thus 15 < g(1, 2) < 
19.515. Since (3.28) gives 13.9 < g(2, -I) < 15.4, we have 12a-pi < 0.14 
and so la+2jlI=I$(a tP)--i(2a-P)I (0.28, whence -1 <f(i4, 1,2) < 
w-l* 
(iii) When 7.8 < k, < 7.875 we have P(f) > 3.45 and either -1 < 
F(3, -1) ( 3 if a > 0.034, 0 ( F(11,4) < 3.45 if 0.0176 < a < 0.034 or 
-1 ( F(14, -5) < 3.45 if a < 0.0176. So we consider 
7.875 < k, < 8, (5.21) 
which implies 
P(f) > 3.49 and a < 0.02, (5.22) 
since otherwise -1 < F(3, -1) < 3 or 0 < 1;(11,4) < 3.4. Also (3.21) gives 
g(1, 1) > 10.85. 
If 10.85 < g(1, 1) < 11.25, (3.24) implies 3 < g(l,2) < 9.4 and thus 
k, < gtl, 2) < 8. (5.23) 
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From (3.19), (5.21) and (5.23) we have 19 < 0.373. Then using (3.19) again, 
and also (3.22), (3.27) for n = 2, we get 24 < g(3, -2) < 25.6. Since (5.23) 
gives ]] a + 2/3]] < 0.02 (as in (5.22)(ii)), we have ]] 3a - 2811 < 0.1 and 
-1 < f(x, 3, -2) < 2 for some x. 
Therefore g(1, 1) > 12.49 and if g(l, 1) were in either of the intervals 
(12.48, 12.81, (12.8, 13.121, Ila+P]I would be so small that 
-1 <f(x, 2,2) < 3.49. So g(1, 1) > 13.12 and (3.24) gives g(l,2) > 12.48, 
whence the argument of the last sentence implies g( 1, 2) > 13.12. Hence, 
with (3.19) and (5.21), 
g(1, 3) = k,(l + 38)* - 9k, > 9.7 if 8 > 0.47 
$g(l, 2) - ;k, - 38k, > 8.2 if 0 < 0.47. 
(5.24) 
= 
Notice also that with 13.12 < g(1, l)< 15.25, we always have /]a +/II] < 
0.186 and so 
Ia +/I < 0.186. (5.25) 
Suppose now that g(l,2) < 15. Then, with (5.25), lla t 2/3]] < 0.186 would 
imply ]a + 2/3] < 0.186 and la + 3/3] < 0.289, which with (5.24) gives 
g(1, 3) > 12.49, so as before g(1, 3) > 13.12. This, with (3.26), (3.22) and 
(3.25), implies 6.4 < g(l,4) < 8.7, whence 
k, G g(l, 4) < 8. (5.26) 
It is straightforward that (5.26) gives Ia + 4/I\ i 0.02 and so 12a --PI < 0.05. 
Then, from (3.28), 
15.45 <$g(l,4)-&,2)+ + k, = g(2, -1) < 16.4 
so that -1 < f(4, 2, -1) < 1. Therefore g( 1, 2) > 15, and since (5.25) gives 
la + 2/?] < 0.392 we have g(l,2) > 16.5. This, from (3.24), implies g(1, 1) > 
13.6; so then la+/?\ < 0.128 if g(1, 1) > 14, and if 13.6 < g(1, 1) < 14 we 
have -1 ( f(x, 2,2) < 3.49 unless I2a t 2/?] < 0.25. In either case 
]a + 2/?I < 0.276 and -1 < f(x, 1, 2) < 3.49 for suitable x unless 
g(l,2) > 19.49. (5.27) 
From (5.27) and (3.24) we obtain g(1, 1) > 14.62 and la +/?I < 0.05, so 
]a -PI < 0.09 and from (3.7), g(1, -1) < -0.99. Therefore 
-0.2 < 16g(l, 2) - 15k, - 480k, = g(l,8) 
= 64g( 1, -1) + 1448k, - 63k, < 8.7, 
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and this implies 
k, ,< g(L 8) < 8. 
Thus from g(l, 1) > 14.62, (3.22) and (3.26) with n = 8 we have 
(5.28) 
-0.6> g(l,9)=~g(l,8)-~k,-$Bk~~-~k,~-l. (5.29) 
Now suppose for some u with 0 < u < 0.13 we have k, > 8 - U. Then a < 
3-G (else -1 <F(3,-1)<3) and similarly Ila+8Pll<3-fi, 
which, with the previously established Ja + /3I < 0.05, gives /a + 8/?[ < 
3-m. Hence 1 a + 9/I 1 < (j/4)(3 - G) and (a + 9P)’ < 
(25/16)(18-u - 6fi). This implies g(l, 9) < -1 + (25/16)(18 -U - 
6fi) to avoidf(0, 1,9) > -1, and so from (5.29) 
k, > 8 - (25/2)(18 - u - 6 G). 
However, it is easy to see that when 0 < u < 0.13 we have fi > 
3 - (l.O1/6)u, whence for u < 0.13 
k,>8-u implies k, > 8 - u/8. (5.30) 
Hence (5.30) with (5.21) gives k, = 8. So a =0 and from (5.28) with 
la+/3 (0.05, we have I(a+8~lj=Ia+8~I=O giving p=O. Also the 
argument before (5.30) implies g( 1,9) = -1 and this, with (5.28), gives 
S=i, k,=3 andf =f3. 
This completes the case a = 5. 
6. COMPLETION OFTHE PROOF IN THE CASE OF 
-x2 + j(13y2 + 12yz - 322) 
We may assume from Section 5(ii) that 
P(f) > 3.69, 7.793 < k, < 7.8, a < 0.0013, 
k, < g(l, 4) < 7.8, la + 4/3[ < 0.03, 
(6.1) 
and 
k, < g(8, -7) < 8, g(2, -1) < 15, g(L9) < 15. (6.2) 
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An argument analogous to that giving a < 0.0013 shows that ) a + 4j3 1 < 
0.0013, whence ]8a- 7/I! < 0.018. Then from 
g(7, -6) =T g(2, -1) +; g&4) +k, < 15.5 
we must have g(7, -6) < 15. So 
g(& -7) = + g(7, -6) + +(1,4)-;k, < 7.82 
implies (as in the argument for g(l,4) < 7.8) that 




g(8, -7) - 21 k, < 15.3, 
which implies g(7, 34) < 15. Then 18a + 39pI = 1(39/4)(a + 4/?) - (7/4)a1 < 
0.018, 
g@, 39) = 
184 
g(& -7) - - 1 19 k, < 7.82, 
and 
g(8,39) = 92g(l, 4) + g(8, -7) - 92k, > g(8, -7) 
imply 
k, < g(f-639) < 7.8 and 18a + 39/I < 0.0013. (6.4) 
We can now deduce that a = (7(8a + 39/3) + 39(8a - 7p))/368 < 0.0002, 
whence -1 < F(67, f24) < 3.69 unless 
7.7998 < k, < 7.8. (6.5) 
Now consider the two matrices 
S= (: -p)* ?-= c3; 4:)7 (6.6) 
641/13/3-9 
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and for each integer n > 1 define the numbers p,,, qn, u,, u,, by 
(6.7) 
It is easy to see that S, T, with determinants -1, +I, respectively, are 
automorphs of 13~’ + 12yz - 3z2, and so T”, ST” are also. For n = 1 we 
have the statements 
k, -G dp,,, q,,) < 7.8, k, < g(p,, 4~,, - 4,) < 7.8, 
g(2p, - u,, 2q, - UJ < 15, gPp, - u,, 8p, - 4u, + u,, - 2q,) < 15. 
(6.8) 
Suppose then that (6.8) holds for some n > 1. Using the fact that S, T are 
automorphs, it is easy to check that we have identities of the shapes 
g(p n+1,qn+,)=u:g(p,,q,)+b;g(p,,4p,-q,)+c:k,, (6.9) 
and 
g(p n+,~4Pn+, -qn+l)=a~g(~,,q,)+b:g(p,,4p,-q,)+c:k,, (6.10) 
where for i = 1,2 and each n, al > 0, by > 0, cl = 1 - al - bl. Thus from 
(6.8) the right-hand sides of the above identities are, in the respective cases, 
at least k,(al + bl + cl) = k, . So (6.8) implies g(p,+ I, qn+ ,) > k,, g(p,+, , 
4P nt 1 -s,+,)>kk,. Also 
g(2pn+1--Un+I,8pn+1-4un+1+Vn+1-2qn+,) 
=u~g(2p,-u,,2q,-u,)tbgg(p,,4p,-q,)tc:k,, (6.11) 
where cy = (25/13)(1 - at) - b, a and for n > 1,0 < aJ < 1.05,O < 6; < 3192. 
Therefore 1 ct 1 ( 3200 and the right-hand side of (6.11) is at most 
15~3 t 7.8by + 7.8~; t 0.0002 IcyI < 15.7, which implies g(2p,+, - u~+~, 
8~ ntl -%+l+ u,+1 - 2q,+ i) < 15. Again 
g(p n+lr4Pn+I -qn+J 
=u:g(p,~4p,-q,)+b:g(2p,+,-~,+,~8~,+,-4~,+,+~,+,-2q,+,) 
t c:k,, (6.12) 
where -26/17 ( ai ( -1.525, 156/l 19 < bi < (39/34)’ for n > 1 and ci = 
1 - ~4” - (25/13)b;. Thus Ici1 < 0.01, whence (6.8) and g(2p,+, -u,,+,, 
8~ n+l-%+l+~“+l - 2qn+J< 15 imply 
g(p 4 n+1, P”il - qn+,) Q 7.8~; + 15b; + 7.8~; t (7.8 - k,)(lu;I t Ic:l) 
< 7.8004. 
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Hence Iipn+la + (4~,+~ - qn+ 1)/3Ij ( 0.03 and the argument giving 
g(l,4) < 7.8 also gives g(p,+ r, 4p,,+ I - qn+ ,) < 7.8. Further 
g(2Pn+I-%t+1~2qn+1--u,+1) 
=~:g(P,~q,)+bxP,+,~4P,+,-q,+,)+c:k,~ (6.13) 
where 0 < b: < 0.01, 452 < a: < 46’ and cz = 25113 -a:- b:. So -46’ < 
c: < 0 and the right-hand side of (6.13) is at most 7.8(a: + bf t CT) t (7.8 - 
kI)lc:l < 15.5, whence g(2p,+, -u,,+,, 2q,+l -u,+,)< 15. Finally 
g(p n+1,qnt1 1 
=a~g(2p,t,-u,t,~2q,t,-~"+,)+b~g(p,t,~4p,+,-q,t,)+c~k, 
(6.14) 
with 0 < ai < 1.6, 0 < bg < 0.01, cl = 1 - (25/13)ag - ba. So g(p,+,, 
qn+J < 15a: t 7.8b: + 7.8~; + (7.8 - k,) Ic;l < 7.8005, and standard 
arguments give g(p, + , , qn+ J < 7.8. 
Therefore (6.8) holds for all n > 1, and in particular (6.8),, (6.8), imply 
that for every II, [[~,,a t q,pII < 0.0013, IIp,,a t (4p, - q,,)/3[[ < 0.0013. An 
easy induction based on (6.3), and (6.4), shows that lp,a + qJ3j ( 0.0013, 
1 p,a t (4p, - q,)/?I < 0.0013 for each n, whence 
a=p=O. (6.15) 
We also have from (6.8), (6.8), that 
k,d 2 (4p, _ qn)2 - 7.8 < (4p,t qn)2 g(P,, 4~” - qn) - g(Pn, qn) 
7.8q; 
G (4p, - q#$ - kl* 
Since this holds for every n, we easily obtain 
e = Lt Pn 
[ 
qn 
It-O0 %I 4n - 4Pn 
-1 =+. 1 
Thus 
(6.16) 
g(y,z)=k, (y++)‘-$c,z’+ (&&,)1’, 
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so that for each n 
whence 
Finally, consider the matrix 
k,=$k,. (6.17) 
(6.18) 
which is an automorph of the form -x2 + 7.8~‘. For each n > 0 we define 
the integers s,, t, by 
For each n, 7.8t: = s’, + 3.8, so if for a certain n we have 
7.8 > k, > 7.8 - 0.1 l/t; 
then 
(6.20) 




Hence 0.1 l(t,+,/tJ* < 4.8 would give k,tf,+, > si+! + 3.69 (else -1 < 
F(s ll+1, t,, ,) < 3.69), and this is (6.20) with n t 1 in place of n. However, 
(6.5) gives (6.20) for n < 2, and it is easy to establish that for every n, 
t, + Jt, < 6.1 and so 0.11 (t, + ,/t,)* < 4.1. Therefore (6.20) holds for every n 
and so 
k, = 7.8. (6.21) 
Equalities (6.15), (6.16), (6.17) and (6.21) then give f =fs with #df) = 
193122 - 33 - 53. 
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